In our previous paper, we proposed the democratic-type neutrino mass matrix which gives interesting predictions,
Introduction
In our recent papers [1] , [2] , we proposed the democratic-type mass matrix which contains six real parameters and found that this mass matrix predicts
where θ 23 and δ are the mixing angle between the mass eigenstates, ν 2 and ν 3 , and the CP violation phase, in the parameterization of the mixing matrix given in the particle data group [3] (see the matrix given in the Appendix A).
If we take the CHOOZ bound [4] , |V 13 | < 0.16 or | sin θ 13 | < 0.16, we find almost maximum atmospheric neutrino mixing,
where V is the neutrino mixing matrix. If the experimental data turns out to show that sin 2 2θ atm is really close to unity, our model will become a good candidate. Another special feature of the model is the prediction of the value of the CP violation phase.
Both Dirac CP phase (δ) and Majorana CP phases [5] are predicted [1] . In particular, the maximal value of the CP violation phase δ is predicted. Our prediction gives the great encouragement for experiments to measure the CP violation in the oscillation processes [6] in the near future. The theoretical study has become an urgent topic.
In Ref. 2 , we made a further investigation on the democratic-type mass matrix. We constructed Z 3 invariant Lagrangian with two or three up-type Higgs doublets and derived the democratic-type mass matrix by using the see-saw mechanism. We also considered one up-type Higgs model. By considering the Z 3 symmetric Lagrangian together with the Z 2 invariant Z 3 breaking terms, we found the further prediction, | tan θ 12 | = 2 − 3 sin 2 θ 13 ,
which we shall explain in the next section. By using the CHOOZ bound, this relation leads to 0.87 < sin 2 2θ sol = 4|V 11 | 2 |V 12 | 2 < 8 9 .
In Refs.1 and 2, we assumed that the above predictions are valid at the weak scale m Z , although the neutrino mass matrix is assumed to be defined at the right-handed neutrino mass scale M R . The stability of mixing angles under the change of energy scale has been discussed [7] [8] [9] [10] . According to their result, in many occasions, the predictions at m Z are essentially the same as those at M R . In some special cases where m 1 ≃ m 2 , the prediction of sin 2 2θ sol becomes unstable. That is, the predicted large value of sin 2 2θ sol at M R becomes the small value at m Z .
The purpose of this paper is to examine the stability of our predictions. In particular,
we are interested in the possibility that the large solar neutrino mixing at M R becomes small to be consistent with the small angle MSW solution at m Z . We found that the angle can become small, but unfortunately this possibility does not realize the small angle MSW solution.
In Sec.2, we briefly explain our model. In Sec.3, we analytically examine the renormalization effect on the neutrino mass matrix and the effect to our predictions. The numerical analysis to supplement the discussions in Sec.3 is given in Sec.4. In Sec.5, the summary is given.
The model
We consider the following dimension five Lagrangian in the mass eigenstate basis of charged leptons [2] 
wherem 1 and m 0 1 are real parameters, and u u is the vacuum expectation value of the neutral component of the doublet Higgs H u . This Lagrangian is invariant under the Z 3 transformation
where, the irreducible representation Ψ i (i = 1, 2, 3) are defined by
The Z 3 transformation for Ψ i is induced by the cyclic permutation among ℓ i , which are the left-handed lepton doublets defined by ℓ e = (ν eL , e L ) T and so on.
Then, we introduce the Z 3 symmetry breaking term, but it preserves the Z 2 symmetry
and all other fields are unchanged. Now, we find
After H u acquires the vacuum expectation value, the neutrino mass term is derived. In the flavor basis, (ν e , ν µ , ν τ ), the mass matrix is given in a democratic-type form [2] ,
where ω is the element of Z 3 symmetry and we take ω = exp(i2π/3), i.e., ω 3 = 1. We consider that this mass matrix is given at the right-handed mass scale M R .
The unitary matrix V 2 which diagonalizes m ν (M R ) is derived in the Appendix A and the result is
where c ′ = cos θ ′ and s ′ = sin θ ′ and From our later analysis, there is essentially no effect to V 13 . As a result, we can impose the CHOOZ bound, |V 13 | < 0.16 at m Z . We find
We define the mass eigenstate neutrinos at M R as (ν 
We take the convention,m 1 > 0. Since m 
The renormalization group analysis
We consider the renormalization group effect on the dimension five interaction in Eqs. (5) and (9) in the MSSM model. The general feature of the stability of mixing angles has been extensively discussed [7] [8] [9] [10] . Here, we take the special mass matrix, the democratic-type mass matrix and examine the stability in detail. In the basis where charged lepton mass matrix is diagonal and thus the Yukawa coupling matrix which induces masses of charged leptons is diagonal, the neutrino mass matrices at M R and m Z are related as [7] 
where
with the Yukawa coupling for charged leptons y i and
After absorbing A into the overall normalization of parameters in m ν (M R ) and by using the approximation,
we obtain
Here we neglect the radiative correction on y τ , and m τ is the τ lepton mass,
and tan β = u u /u d with u i being the vacuum expectation value of MSSM Higgs doublet
Now we define the small parameter ǫ = 1 − α. In order to estimate the value of ǫ, we consider the right-handed mass scale M R and the region of tan β as
Then, with m Z = 91.187(GeV), m τ = 1.777(GeV) and v = 245.4(GeV), we find
By transforming m ν (m Z ) in Eq. (18) by V 2 , we find
where s ′ and c ′ are given in Eq.(12), and a, b and phases φ i are defined by
By keeping ǫ up to the first order, we find
(3-3) The general discussion on the stability Hereafter, we do not discuss the fully degenerate case, |m
|, because this case is quite unstable and it is hard to have the definite predictions. Therefore, we focus our discussions on hierarchical cases; (a) |m
The case (a): The fully hierarchical case With the use of the analogy of the analysis by Haba et al., we expect that all mixing angles and the CP violation phase are essentially unchanged by the scale change from M R to m Z . This may be simply understood by the consideration that the see-saw mechanism can be used to evaluate the mixings and the neutrino masses, and thus the effect is suppressed by the order of ǫ. We checked this result by the numerical computations also.
The case (b): The hierarchical case with |m 
. As a result, the prediction of sin 2 2θ atm > 0.999 in Eq. (2) and the CHOOZ constraint, |s 13 | < 0.16 are valid at m Z .
The situation changes depending on the relative sign between m 
where we defined
The matrixm ′ ν is diagonalized by
where c = cos θ and s = sin θ and
and m 2 ≃ m R 2 . The mixing matrix at m Z is now obtained by multiplying this matrix to V 2 in Eq. (11) .
By looking at the structure of V 2 , we find
aside from the irrelevant phases. By neglecting the small s ′2 < 0.04, we have c ′ = 1 and thus we find
which takes a value from 8/9 to 1 independent of the mixing angle θ. This is due to the phase matrix diag(1, −i) in Eq.(29).
By the transformation of the matrix in Eq.(29), the CP violation phase δ changes, due to the phase matrix diag(1, −i). The effect is examined by considering the Jarlskog parameter which takes the value as
and we find
It should be noted that θ = 0 at M R so that | sin δ| = 1. Now we examine the value at m Z from Eq.(34). The angle θ depends on ∆ which is defined in Eq.(28), as we can see in Eq.(30). For ∆ >> ǫ or ∆ < 0, | tan θ| >> 1 or | tan θ| << 1. Therefore, | sin δ| ∼ 1 is realized from Eq.(34). In special cases where ∆ ≃ ǫ/3, sin δ can become small at m Z . In particular, for ∆ = ǫ/3, we find tan θ = ±1 and thus we find sin δ = 0.
Finally, we find
which depends on m 2 and ∆. Therefore, we can reproduce all three mass squared differences for the large angle MSW, the LOW mass and the Just so (Vacuum) solutions.
For example, when |∆| >> ǫ, we find ∆ 2 sol ≃ 2m 
After the diagonalization, we find
where sign(∆) takes 1 for ∆ > 0 and −1 for ∆ < 0 and
The mass of the third one is
where N is the normalization factor. Now we multiply the above matrix to V 2 . Aside from the unimportant phase and by taking c ′ ≃ 1, we find
Now we find
Firstly, since the mass matrix in Eq.(36) is real matrix, the CP violation phase δ are stable and takes δ = π/2 at m Z . Needless to say, the atmospheric neutrino mixing and s 13 are stable.
(i) The stable sin 2 2θ sol
We focus on the solar neutrino mixing. From Eq.(41), we see that if |∆| >> ǫ, sin 2 2θ sol ≃ 8/9. For ∆ > 0, this condition is relaxed to the condition ∆ > 3ǫ/2, where sin 2 2θ sol ≃ 8/9 is realized.
(ii) The unstable sin 2 2θ sol Now we consider the case where sin 2 2θ sol becomes small at m Z . We observe that sin 2 2θ sol → 0 as ∆ → 0. This implies that sin 2 2θ sol becomes small for ∆ << ǫ, while it remains large value for ∆ > ǫ.
Below, we examine the case ∆ << ǫ to see the ∆ dependence of sin 2 2θ sol in detail.
We expand sin 2 2θ sol in terms of ∆/ǫ. We obtain
The small angle which is consistent with the angle for the small angle MSW solution, sin 2 2θ sol ≃ 10 −2 , is realized if we take |∆| ∼ 1 10 ǫ. Next we examine the sign of (m 
which means m can be realized, but in this case the MSW mechanism does not work. Therefore, this case is not applicable to solve the solar neutrino problem.
Examples -Numerical analysis-
Since it is hard to search all parameter regions, we set m 
we have the restriction on tan β,
which we can see from Table 1 . Table 2 , for various values of tan β.
As we can see from Table 2 , ∆ 2 atm , sin 2 2θ atm and sin 2 2θ sol are almost unchanged.
On the other hand, sin θ 13 , ∆ 2 sol and sin δ change depending on tan β. In particular, sin δ does not change much for small tan β, while changes substantially for large tan β. This result is consistent with the discussion given for the case m In Fig.1 and Fig.2 , we show the energy scale dependence of m 2 i (i = 1, 2) and sin δ for tan β = 4 and 10, for the parameter set in Table 2 . From Fig.1 , we see that ∆ 2 sol increases as the energy scale becomes small and also as tan β becomes large. In Fig.2 , we see that sin δ decreases for both tan β = 4 and 10. However, much faster decrease is observed for the larger tan β.
Summary and discussions
We considered the stability of the predictions by some special democratic-type neutrino mass matrix, which has the quite interesting intrinsic predictions as given in Eqs. (1) and (3) . We assumed that this mass matrix is derived at the right-handed mass scale M R by the see-saw mechanism [2] , and then considered the mass matrix at the weak scale m Z and its predictions by using the renormalization group.
We summarize the result as follows:
• The case (a): The fully hierarchical case This is the case where the neutrino masses at M R are either |m angle sin 2 2θ sol is also stable for |∆| >> ǫ. For |∆| < ǫ, sin 2 2θ sol becomes unstable.
In particular, for ∆ ≃ ǫ/10, sin 2 2θ sol at m Z becomes small enough to be consistent with the mixing angle for the small angle MSW solution. However, this case does not realize the small angle MSW solution.
Our model based on the Z 3 symmetry gives quite special predictions as given in Eqs. (1) and (3). We emphasize that our matrix is intrinsically complex matrix and contains the CP violation phase. In particular, our model predicts the maximal CP violation phase, which is in contrast to most of works where the real neutrino mass matrices are treated so that the prediction for the CP violation phase is out of reach. The prediction for the CP violation phase in the neutrino mass matrix will become a quite important topic in view of the near future projects to observe the neutrino oscillations, for example, in the neutrino factory.
It is our belief that Z 3 symmetry is not only useful for describing the neutrino mass matrix, but also for the quark mass matrix. The work in this direction will be interesting, because we would like to embed the Z 3 symmetry in the grand unification scheme.
Appendix A: Detailed derivations (a) The standard parameterization of the mixing matrix
The particle data group [3] defines the mixing matrix as (10) Here, we diagonalize the neutrino mass matrix at M R and thus the predictions are given at M R . In order to clarify the property of the democratic-type mass matrix, we
where ω = e i2π/3 (ω 3 = 1) and the result is
Then, we transform further by
The matrix V 1 = V T O 1 is explicitly given by
We have to transform further by the orthogonal matrix O 2
where s ′ and c ′ are defined by Eq.(12). Now the mixing matrix is given by
which is given in Eq.(11).
Below, we give some special cases. Table 2 (m R 1 · m R 2 < 0) and this case shows small CP violation angle at m Z , while it is large at M R . Solid curves correspond to tan β = 4 while dashed are for tan β = 10.
